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A Non-routine Problem Related to
Heron’s Formula

Mak Kin Wai (Cheung Chuk Shan College)

Let L = (x/ﬁ+x/§+«/ﬁ)(x/§+x/ﬁ—x/ﬁz§/ﬁ+\/§—x/ﬁ)(x/ﬁ+x/ﬁ—\/§) JIs L an integer?

For junior form students from secondary schools, they will certainly be able to do the verification by the
following brute-force method:

Note that
(V13 + V8 +V17)(V8 + V17 — V13) (V13 + V8 — V17) (V13 + V17 — V/8)

= |8+ VI7)" - (VI3)'] [VIB + (V8 ~VI7)| V3 - (v8 -~ v17)]

= [8+2(VB)(VI7) + 17 - 13] [(V3)' ~ (VB - V17) ]
= [12 + 2(v8)(V17)][13 — (8 — 2(V8)(V17) + 17)]
=2(6+ (VB)(V17)) x [-12 + 2(V8) (V17)]

= 4((VB)(VT7) + 6) (VB)(VT7) - 6)
= 4[8 x 17 — 6] = 400

Hence, L = % = 25 which is an integer. Done!

Well, the manipulation of surds in the above solution is kind of straightforward. The next question is,
could we discover something more above the number L by judging it from a different angle?

Suppose we try to rewrite the expression of L as follows:

(VI3 + VB +VI7)(V8 + V7 — VI3)(V3 + VB — VI7) (VI3 + VI7 — VB)

16
_ (V13+V8+V17) (V8+V17 +V13-2V13) (V13 +V8++17-2V17) (V13 ++17 +8-2v8)
B 2 2 2 2

=s(s—a)(s—b)(s—c) ,where =13 , b =+17, ¢ =+/8 and SZW'
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Here, we have revealed another secret face of L. That is, VL = x where x = area of a triangle having
side lengths v13,4/17 and /8 respectively due to the famous “Heron’s formula”. (see [1] and [2] for
instance) Thus, if the area x is an integer, then L = x2 will also be an integer as a result.

The story continues by exploring the reason why the area x must be an integer. With a little bit of trial
and error, one could easily construct the following diagram of ADEF which is inscribed inside a
rectangle ABCD and having side lengths v/13,v/8 and V17 .

2

A 2 E B
L
2
3
F
1
D 7 rc

Now, DE =22+ 32 =+/13 , EF =22+ 22 =+/8 and DF = V12 + 42 = /17 meaning that the
area of ADEF = x.
However, area of ADEF

= area of rectangle ABCD - area of AADE - areaof ABEF - areaof ACDF.
That is, x=3x4—%x2x3—%x2x2—%x4x1= 12 — 3 —2 —2 =5 and therefore

L = x? =52 =25 which is indeed an integer. This another proof sounds more appealing and
meaningful because it allows us to appreciate the beauty of using pictures to explain a certain
phenomenon!

As a final remark, one could hardly believe that the area of ADEF is an integer at first glance because
all its side lengths are irrational. But, if we study the second proof depicted in the above more carefully,
the reason is simply because the area of ADEF can be expressed as the difference between two integral
values of areas. (Note: Rectangle ABCD, AADE, ABEF and ACDF have integral values of areas.)
In fact, there is another kind of triangles having rational side lengths and rational areas which are called
the Heronian triangles. Interested readers may check the further details about the construction of these
triangles from [3] and [4] for instance.

Reference

[1] http://jwilson.coe.uga.edu/EMT725/Heron/HeronProofAlg.html

[2] http://www.mathshelper.co.uk/Proof%200f%20Heron%27s%20Formula.pdf
[3] http://mathworld.wolfram.com/HeronianTriangle.html

[4] https://archive.lib.msu.edu/crcmath/math/math/h/h219.htm
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PBetween Zero and One

Life itsalf 1s finite
But life with imnginntian can be infinita

ABY A FRTVER
Birth and death Like zero and one Seip s
As two discrete states tobe

#erenfter life Vofter Pirth
Comes fram nowhere or somewhere
Thereafter life after death
Goes to somewhere or nowhere

Zero can be nat[»ing or pmvt/»ing
With its oval S[m}m to show
Where the an’gin can be

One canbe a lan5117 entity or A ?zrfact wholeness
With its line Sfmfe to mark natu mllv
The Beginning af the inﬂnitv

Between zero and one there can be nothing

Or anything tobe lined up with
Sametking rational or samat[»ing irrational

Life echoes itself now-here 3’717 its finiteness

But life can turn itself from no-where into the infinite Landscape
Beyond what we can imaqine

~Law Huk Yuen -
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