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1. Introduction

Names like A4, A3 and A2 papers are often heardauays in almost
everywhere. These names are actually originatedh fthe international
standard paper size 1SO 216 (A series). It giveggarous definition to the
sizes and dimensions of the most common formatraing paper that we are
using. In this article, some mathematical propserdf this type of papers are
investigated, and the new teaching ideas arise ften investigation are
discussed.

What | am going to discuss in this article aread®ws:

1. The aspect ratio of a piece oh Aaper for any non-negative integem
(section 2.1, a recommended problem for Form 2estis).

2. The length in meters of the longer side of agief An paper as a function
of n (section 2.2, a recommended problem for FormuBlestts who
take Additional Mathematics).

3. Some problems about paper folding (section 2 1&commended problem
for Form 4 students)

The International Organization for StandardizatiofhSO) is a
non-governmental world-wide organization which sgisdifferent commercial
and industrial standards (International Organirafmr Standardization, 2008).
Each of their standards is given a code and 21lBei®ne for the most widely
used paper format, the standard is named ISO 2i@jives definition to two
formats of paper, A Series and B Series. The ndikee#4 and A3 represents
different sizes of paper from A Series (ISO 216080 In general, all A
papers from A Series of ISO 216 are rectangles thighsame aspect ratio. An
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A(n+1) paper is obtained by folding annApaper into half along the
perpendicular bisector of its longer side, whichamge the folding axis is
parallel to the shorter side of thendaper (Kuhn, 2006). An illustration on
how to obtain an A4 paper from an A3 paper is showhigure 1. We shall
show in Section 2 that the aspect ratio of thearegles is W2 .

The area of an (ISO) AO paper is set to be 21 mand therefore the size
of any An paper can be deduced. Note that in reality, ¢éhgths of the sides
of the paper manufactured is rounded to the neanditneter, and all the
mathematical definitions mentioned above are dare po the rounding (ISO
216, 2008). The rounding, however, will not becdssed and every quantity
mentioned in this article is assumed to be exact.

1:4/2=4/2:2

Figure 1: The dimensions of, and the relation betwe
ISO A3 and A4 papers (Kuhn, 2006).

2. Some Properties of an ISO 216 (A Series) Paper

2.1 Deduction of the Aspect Ratio

It is mentioned that the aspect ratio of any paper is 1 /2. The
ratio can be deduced by considering the procedub®w an AQ+1) paper is
obtained from an A paper. In Figure 2,a and b are the shorter and
longer side for an A paper respectively. |If it is divided into halfoag the

given middle axis, two Af(+1) papers are obtained as shown. The shorter and
longer sides ar¢2 and a respectively.
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Figure 2: An ISO A paper with a and b being
the length of its shorter and longer side respelbtiv

By definition the aspect ratios of the two rect@sghre the same, we have

LI & (1)
b a

a b

b - 2 (2)
a’ 1

o 2 (3)
a 1 1 _

b - E or E (rejected) (4)

| believe that this is the easiest mathematical twayeduce the aspect ratio.
It could be a suitable problem for Form 2 studexiter they have learmttio,
similarity, irrational numbers and surds.

The key to obtain (1) is to compare the length mf pair of successive
members from A series. Students also need to lageatmat all the members
from A series are similar figures because they lhgesame aspect ratio.

The above property has an important applicatiophiatocopying (Kuhn,
2006). Imagine you have found two pages of arfpiated on an A4-sized
journal and you wish to make a copy of it. Youldogave papers (and money)
by copying two (A4) pages on one A4 paper. Figlrshows that two A4

pages make up an A3 page, so what you need tossd meagnification factor to

1
70.7% 23 by pressing the “A3— A4” button that is available on most
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photocopy machines as shown in Figure 3. On therdtand, if we want to
make a copy of the content printed on an A4 pap&y an A3 paper (i.e. A4 to
A3), the magnification factor will be equal tgd2 =141% as shown in Figure
4. In both cases, there are no wasted margingpérs and no contents are
being cut out. All thanks to the neat propertyhaf A series formats.

70.7%

Figure 3: Two A4 sheets in reduced size onto ohslfeet

1
by pressing the “A3- A4” button (magnification factor = 70.7%ﬁ)

141%

- e

Figure 4: An A4 sheet in enlarged size onto onesA&et
by pressing the “A4- A3” button (magnification factor = 141%&)

With regard to the calculations, the problem of #éispect ratio of A series
format is actually not difficult and it covers wvawmis topics in Form 2
mathematics. In addition students are requiredpiay the definition of ISO
216 (A series) format in order to solve the problerkor teaching geometry the
most difficult part is to write down all the given conditions in
mathematical/graphical “language” Here the given condition is “an #«1)
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paper is obtained by folding annApaper into half along the perpendicular
bisector of its longer side”, but we are not aldedd anything just by reading

the words. We need to convert it into a graphieplesentation (i.e. draw out
Figure 2), or more importantly, to rewrite it inlomathematical statement like
(1). This example provides a good chance for thdesnts to think about how

they could construct their first step in solvingpgeetry problems.

2.2 Deduction of the General Formula for Calculatihe Side

What is the similarity between an AO-Al pair, an-A2 pair, or any
An-A(n+1) pair of papers? All of them are having thatieh that the latter
one in the pair is formed by folding the former ant half. Since we can
obtain all the members in A series by using a simychanism and the relation
between each successive member is the same, onlel wrpect that the
members in the series are actually forming a kihdegiuence. | am going to
talk about it in this section.

We are basically considering similar rectanglesnathe previous section.
This time | am going to investigate the area arellémgth of a rectangle. |
denote the area in “m of the A paper by S,, and its longer side in meters
by /7, . Note that since we already have the aspeab rdti : J2 | the
shorter side can be given by 2, .

Applying the folding characteristic, we can eagiét
S = [ (5)

Together with the definition mentioned earlier ttisg¢ area of an AO paper
isequalto 1/, i.e. S=1, we have the followings:

S = 254

= S = %31—1 (6)
S = (35S~ (7)
S = 7S (8)
S = & 9)

Any student (most likely in Form 5) who knows absutple recurrence
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relation is capable of handling these steps. €kaltin (9) gives us a general
formula for calculating the area of am faper in terms of a single parameter
Now | move on to find the expression for,.

S is just the area of a rectangle with its longelesequal to ¢, and
shorter side equal to 2/, , thus

h@27%0) = S (10)

Combining (9) and (10), we have

_1/2 1
(@) = (11)
1 1
2% - 2n ( )

o}
by = 5 (13)
ln = 20 (14)

This is what | am looking for, a general formula fmding the length of
the longer side of the Apaper. To get the length of the shorter side wge j
need to divide the R.H.S. of (14) [/2 .

The prerequisites for this problem are simple me:ithiofinding the area of
a rectangle, laws of indices, and recurrence celati

There are two key steps in this approach. One it the expression
for the area as in (9), second is to write dowr).(1I'he problem looks difficult
In a sense that it is asking for a general formukach sounds abstract. |
notice that students are often afraid of this tgpeuestion. They probably
have no problem if | ask them to find the areahar length of an A7 paper, but
they would have difficulties in handling questiaitsout general formula. This
problem, however, is based on a practical examipteitapaper sizes. It will
give the students a better understanding aboubtfiie.

| am going to present another approach in dedutiagame formula as in
(14). As we know that, the length of the longatesof an A(+1) paper, is
equal to the length of the shorter side of apaper. Mathematically,
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270y = e (15)

Yet it is just another recurrence relation. Bysubting n by (-1)
as before, we get

2% 0q = 4 (16)
fn = 2_1/2€n—1 (17)
lh = 2ZH27%0.) (18)
(= 274, (19)

/o can be evaluated by considering the area of ampar, i.e. 1
(or =1), thus

27 g% by = 1 (20)
= fo = 2% (21)
Therefore we obtain the same expression fGr by substituting (21) into
(19):
¢, = 27 x2i (22)
Gy = 20

The steps from (11) to (14), and from (16) to (&@8yld be quite tricky for
the students because of the index operations iadolv Both methods of
deducing the expression for,, require the use of recurrence relations as well
as the definition of an ISOMpaper. The first method is the area approach
which makes use of the fact that the area of am2) paper is half that of an
An paper. The second method focuses on the relatpbgtween the sides of
those papers, though in the last step it also epphe area conditiong=1 .
This problem shows the importance of finding alstire approaches.By
considering different approaches we can have deepelerstanding of the
problem itself, and it can give you more confidetacéhe answer that you get
Just like in this case, the result | obtained by ¢slecond method confirms that
by the first method, and vice versa.

Nowadays students always like to seek a so-catteatiél answer”. Once
an answer from the teacher is shown, everyonefallbw it or even recite it
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without understanding (i.e. surface learning). Idoer, is there always a
model answer, or the “best” answer? What is thammg of the “best”? In
the above problem | cannot say any one of the ndsthatally outweighs the
other. | believe the process of finding altermatapproaches for a question
enhances students’ deeper learning, and by congptrearwork from different
classmates they will have an all round understantiinthe problem and the
solutions.

2.3 Some problems about paper folding

To get angles such as °“45and 60 by paper folding are some
famous problems. Students may also find this dgtimteresting because it
provides a different platform for solving mathematiproblems other then just
writing equations and steps on a worksheet.

The way of making a 45 is rather simple, so | will not describe the
method but it will be used without proof. Now | auing to review a way to
produce a 60 with anyrectangular paper. It can serve as a challenge fo
students in case they have not done that before.

To produce an angle of 6
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Figure 5: Using a rectangular paper to produce
an angle of 60 by folding only.

Consider a rectangular papeABCD of any size. First we need to fold
the paper into half along axisMN with M and N be the mid-points of
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sides AB and CD respectively (i.,eAD, MN and BC are parallel
lines perpendicular tAB and CD ), as shown in Figure 5. Then by
keeping A in position, we move AB inwards by folding the paper along
AP such that the corner of the papeB, touches MN at B'. We can
fold the whole paper alongAB' in order to make a “scratch” to mark the line
AB if you wish. Unfold the paper and we gefIMAB = 60° . The
procedures are illustrated in Figure 5.

The proof for this result is not difficult. By aihd lines AB and
BB, we obtain AAMB and ABMB'. Then we have,

AM = BM (given, by folding)
OAMB = [0OBMB (right angle)
MB" = MPB (common side)
therefore, AAMB [ ABMB (S.AS) (23)

By considering the corresponding sides of thesegmeant triangles, we
have AB = BB . On the other hand, from the folding procedunesknow
that AB=AB . Thus we conclude thatAB = AB' = BB', which means
AABB is an equilateral triangle. ThereforéeIMAB = 60° .

There is also another way to prove it. Sind&B = 2AM , consider
AAMB with DAMB =90°, we have the followings:
_AM_
AB
1

2

cosLIMAB =

0° <OMAB <90° in this folding case,
[ [OMAB = 60° (24)

Once again students are encouraged to explorenailiiez solutions to a
given problem.

In addition, one can also show thahAPB [0 AAPB by looking at the
folding characteristics. Here the proof is omittedin that case we get
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OPAB = [OPAB (corr. s of congAs)

1 1
= — OMAB
= 30 (25)
and, ODAB = 90° - OMAB
= 30 (26)

That means OBAP , [PAB and [DAB are all equal to 30.
When we know how to produce an angle of ° 60 we know how to make a
30° as well. Here we have trisected the right anglecorner A .
Trisecting an angle is not always possible exceptaffew special angles (e.g.
90°) in Euclidean construction, as proved by Wanitzglear 1836 (Weisstein,
2008). However, Geretschlager (1995) has propasegy of trisecting any
angle by paper folding. Mentioning this story ot depends on which type of
students that | am teaching. A very good way tol@e new knowledge is to
bring up another question that arises from thegolekstion.

Students who have not tried out this problem betarald find it difficult.

It is because they do not know how to start. Asave mentioned that in
solving geometry problem, the direction (i.e. timstfstep) is very important.

At the same time this is the most difficult step floe students. For example,
instead of thinking how you can get a °60from a rectangle, ask yourself in
what situation will bring you a 60. That is to say we need to think in
another way, and sometimes it helps. For Form ulestts, they would

probably remember trigonometric properties like s & = % , and the

angles of an equilateral triangle.

They need to think of a way to apply these fact®ider to solve this
guestion. Always start with the things that you know when g@ihandling a
new problem This is an important message to the students.this case |
have applied both of the mentioned ways to get t6& .

To produce two special isosceles triangles:
The above operations apply on all types of recteEmguapers. Now if we
use a paper in ISO 216 (A series) format, we caoaldsider a new problem.
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The problem is to produce two different isoscet@sgles by folding the paper.
The conditions are:

1. The two isosceles triangles appear at the saneedn the same paper.

2. The shorter side of then®aper should be equal to the equal sides from
one of the isosceles triangles.

3. The longer side of themypaper should be equal to the equal sides from the
other isosceles triangle.

| admit that the description here is a bit clumgan be written in a better
way. Nonetheless the problem is set. It is sintifathe previous one but a
little bit more difficult.

The solution can be like this: Figure 6 shows a@ief An paper ABCD
with a be the shorter sidesAB and CD . Applying the aspect ratio
1:42 we can get the length of the longer sid&C and AD, which are
av2 . Holding corner A in position and fold the paper such that the side
AB is lying on AD with B touching AD at B (Figure 7).
Unfold it and we will obtain the scratched lindH as shown in Figure 6.
Here we have AB=BH=a, HC=a+?2 —a=a(«/§ -1), and AH=
a2 (by using Pythagoras’ Theorem iddAABH) .

A ay2 D A
\
\
\
\
\

\\ a«/E

a AN
\
\
N\
AN
AN
B a H C H C
Figure 6 Figure 7

Remarkably we haveAH = AD here, but if we fold other types of
rectangular papers in this way we will not get tl@sult. This only happens
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because of the unique aspect ratio for tingpApers. Add a lineDH (or by
folding it to get a scratched line if we want toeglthe only-folding rule), we
get two isosceles triangles, namel)ABH and AAHD which satisfy the
stated conditions.

The procedures are simple but again the studengshotabe able to figure
out. The key step here is the application of Rythas’ Theorem. |
emphasize that we need to start with the things wWeahave already known.
This is another example. Students would probablemo problem in letting
a and av2 be the sides of an Mpaper after they have learnt about the
aspect ratio. In order to think of Pythagoras Theg they need to be
sensitive to the number+v/2 which is indeed a direct consequence to the
theorem. Condition 2 requires them to get an slesctriangle with two sides
equalto a, sounds not too bad; but condition 3 asks foisasceles triangle
with two sides equal to av2 , students then need to think of a way to
‘generate’ another a2  other than the one appears on the longer sideeof
An paper. When the students find the right directitbey will see that once
they fold the paper alongAH , the two required triangles will come out
immediately with all 3 given conditions being sh#id at the same time.

This problem actually requires Form 2 mathematrdy, dout | guess Form
4 students should be more suitable to take up lilalenge because the lower
form students may not be mature enough to get tkanmg behind the
procedures. In that case the problem is wasteauseche most important part
to this question is not the mathematical stepstbatinspiration it gives in
handling geometry problems.

3. Conclusion

It is very interesting that the most commonly usg&® 216 (A series)
paper format have so many mathematical feature®u &an always find
something new if you give it a try. Paper foldirgga fun way to learn
geometry and | am looking forward to any new idsaggested by other
teachers.
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In this article, | am not only talking about the thmatical contents but
also trying to think of some ways to teach my stisle Whenever | have
solved a problem, | will think whether it is podsilior my students to do that.
If not, what are they missing? How can | guidenthen the right track? To
conclude, the following ideas are important:

1. For every geometry problem, we should start wititing down all the
given conditions in mathematical/graphical “langefag Especially in
secondary school level all geometry problems afatae to lines and
shapes in 2D or 3D space, so this is a wise steftdating.

2. Attempts in finding alternative solutions areemraged because by doing
so students will have a deeper understanding optbblem, and if they
get the same result by different ways they willdawre confidence to the
answer they have.

3. Always start solving the problem by considering things you know.

| believe if every time the teacher needs to tetheh students how to
handle the problems step by step (i.e. the oldidasimethod), they cannot learn
too much. The new idea is to teach the studentstbdearn and explore the
problems by themselves. This is the mission of enodeachers.
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