EduMath 29 (4/2010)

Solving Cubic Equations by Viete’s Substitutions

OR Chi Ming

Introduction

In his article inEduMath 27, Leung Chi Kit illustrates how to solve a
polynomial equation by the trigonometric substdati x = cos8 and by
solving the obtained equation cosB 6= 6 using Euler's formula
e’ =cosB+isin® (Leung, 2008). This very interesting method iwves!
Euler’s formula which is beyond the matriculati@vel. This article discusses
alternative ways to solve the polynomial equatiand.eung’s article which
only requires mathematics knowledge within matatioh level.

These alternative ways are the ingenious subsiitsitiused by French
mathematician Francois Viete (1540 — 1603) to sobwubic equations
(Hollingdale, 1989, p.122). Simple examples woiilst be used to illustrate
how these substitutions work. Afterward the secaugiation in Leung’s
article would be solved using Viete’s substitutions

Viéte’s substitutions
Given a general cubic equation® + ax* + bx + ¢ = 0 , it is well known

a
that the substitutionx =y — 3 could transform the equation into the form

y’+py+q=0. Viéte's mastery of trigonometry enabled himsolve this
equation using the triple angle formula c#s=34 coéA — 3cosA. He first
puts y=kcosA into the equationy’+py+q=0, which gives

k* coS A+ pkcosA+q = 0.
Suppose k could be chosen in the way such thit : pk=4: -3, thatis,

kK __4
pk =~ 3
4
2 _
= ke = —3.
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If p<0, choose k—w/— and put y= w/ TpcosA So, we have
- 1/ co§’A+ 1/ cosA+q =0

=S (4 co$ A— 3cosA) [ P ij = q

Hence the cubic equation is reduced to a simpi@riometric equation.
For this equation to have real solutions,

q
P[4 |F°
3 3
q2
= 2 _ <1 <0
9 3
P, .
o 57 4 <0 (- p<0)
P
Hence if E"‘TSO, we could solve the equatiory®* + py + q=0

[ a4
by the substitution y = _Tp cosA and the triple angle formula.

EXAMPLE 1 Solve xX*—1X+8=0.

A4-12
3

SOLUTION Put x=4~ cosA=4cosA. The equation becomes

64 cod A—48 cosA+8 =0
= 4 coS§ A—3 COSA = —

= COSA =~

Nk |
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= A=120h+40°, where nJZ

Hence, we have X = 4 cosA
=4cos40, 4cos80 or 4cos 160
=3.064, 0.6946 or -3.759 (to 4 sig. fig.)

3 2

_p +q_>0 P :Z—_p i ;
It =% , Viéte puts Y 3, N the equation Y +py +
g=0 togive
3
P P
Z2——— | +pZ2— |+Qq =
3
= - 2523 tq =0

This quadratic equation inZ’ is then solved to give
3

s _ O [P L

2

2 27 4

This equation gives only one reat . Hence the original equation also has
only one real root.

EXAMPLE 2 Solve xX*—1X+20=0.

SOLUTION Note that only the constant term of this equatsodifferent from
that in ExampLE 1. If we put x=4 cosA again, the equation becomes

CosS A = 2 which has no real solution.
In this case, puttingx=z- (_312) = z+i, we have
z z

3
(z+i} —1{z+iJ+20= 0
z z

64
Z2+—+20 =
3 0]

Z2=-4 or -16
z= -2, —2Cis@120°) or —2°, -2 cis@120),
where cisf120°) = cos 120+ sin 120
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= x = —28-25 —2icis@l20) or -2'cisFl20)
Note that the two sets of values af give only one set of values o .

Solving the equation by Viete’s substitutions
Let us now look at the second equation in Leungkla: 64 — 96¢* +

36 -8 =0. ltis clear that this equation is a culmcation in x*. Put X

y+1
= 5 . we have

3 2
64( y+1j —96[3’—”) +36(y—+1j—8 _o
2 2 2
= 4y*-3y-3=0

Obviously Viete’s first substitution y = cos A gives the equation
cos A = 3 which has no real solutions oA . Let's use Viete's second

substitution y=z+% . We have
1Y 1
4 z+——| -3/ z+—— -3 =0
4z 4z
4ZS+ _3:
= 167° 0
3+ 2.2
= T
8
_ 1
Let =3+2\/E and B=3 22 (note that af = —) and we have
8 8 64
z = o, a%cis(1120°) or B%, B%cis(1120°).

1
Hence vy = z+—

4z
- = ' +B° or acisEl20)+pcisEl20) as B =——

. . . . y+l
Finally let us first consider the real roots of . Since x= * > ,

we have
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I+

/a3+[3 +1

(a® +B°)’ —ZO(B +1

J(aws) —2xi+l 1

since A Za

I
I+

I+

1
6

ol

a

I+

fz
= + 2 ((3+2)" + 3-42)%)

I\)H

For the complex roots ofx,

3CIS(+120’) + B3C|s(‘120’) +1

(a® CIS(+60°)+[3 cig(F60°))? since op = 1
64

1
I+

||
I+
_ Q

a C|s(+60°)+[3 cis@60°)
2

%((3+2«/_ )*Cis(£60°) + (3— 2v/2)¢ cis(¥60°))

I+

Readers can check that these six roots are idetdi¢hose in Leung’s article.
Since 3+2J2=(/2+1)? , these six roots can be further simplified as

x %((ﬁ +1)' +(v2-1}) and + %((ﬁ +1)°Cis(+60°) + (V2 - 1)} Cis(F60°))

Final Remarks: CardanoGasus Irreducibilis
Gerolamo Cardano (1501-1576) gives a formula folvirsgp cubic
equations, now known as Cardano’s formula, whiekestthat if x> + px +q =

3 2 3 2
Ty

puzzled when he applied the formula to the equatiwh- 15« - 4 = 0 and
obtained x = §/2+\/—121+3{/2—\/—121 instead of the simple solution
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x =4 . He called this situationcasus irreducibilis (Hollingdale, 1989 p.118).
Let us try to solve this equation using Viete's sithtions.

To avoid complex numbers, we have to use Vieted Substitution x =
2+/5cosA andget  4&5cos A—30V5cosA—4 = 0

2
= COSB'\:ﬁ

We can use calculators to find the values oA , 3 and then of A and
finally of x, but then we are not able to tell the exact eslaf the roots.
Alternatively, since x =4 and x = 27/5cosA  we can tell that coA =

2 2
f (readers can check that co& 3 ﬁ indeed), and we can find

the exact values of the other two roots from = 2y5 cos@ + 120°) .
However, this is unnecessarily tedious as we cah golve the equation by
factorizing itas X—4)¢¢ + 4x+ 1) = 0 in the first place. Therefore Viéte's
substitution doesn’t help much in this case.

The moral of the story is that we should not takeusket to kill a butterfly
(#EZEEH47]) . If a cubic equation has rational roots, we bettdve it
using factor theorem instead of using Viete’s stitsins or Cardano’s formula.
Otherwise some oddities could come up, althouglsethaddities could also
provide us some interesting exercises on complerbeus and trigonometry,

such as showing thai/2+\/—121+§/2—\/—121 =4,
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