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A Property of Conic Section

ZHANG Yun
Xi'an No. 1 Secondary School

In this article, | will introduce a property of carsection.

THEOREM 1 Let a focus of an ellipse bé= and two points on the ellipse be
A and B suchthat A, B and F are collinear. Two tangents of the
ellipse passing throughA and B are drawn. If the point of intersection
of the two tangents isM, then FM O AB.

X2 2
PROOF Let the equation of the ellipse bea—2+ b? =1 (@>b>0). Let
2 2
F(-c , 0) be its left focus. According to?+ b? =1, we can get
2X 2y b®x
+——=1 '= —
2= b? andso y aZy -

Let the coordinates of A and B be & ,Yy) and & , Yo

respectively. Let k, and ks be the slopes of the tangents & and

. b’x, b*x,
B respectively. Thenky= — aZy, ke = ~ a’y
1 2

B ——

Let AF =AFB (\>0). Since AF =(<C-X,-y), FB =
(Xo+C,¥2), —C—X =AX+AC, —Yyi=AY,.

So y]_:_)\yz, X]_:_)\C_C_)\Xz. (1)
2 2
: X i _
According to " + o7 =1 and (1), we have
—AC—C—AX,)? =AY, )?
( 2 S 322) =1 and hence
a b
b*A2c? + b?c? + B A% %2 + 207 P A + 2b°CAx, + 0P CA X + a2 N2y,” = a’ b, (2)
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2 2

. X, Y, _
+ =1
According to 2 02 ,

b*A%x” +a’A%y,” =a’h’*A?. )

we have

2)- @) : D? A1 + A% =a’b® - a’b* A% - b?c?A% - 2b° A - b? ¢
2CA(L +A)x = a(1 - 2D = (1 +N)?
2CAx = a(1-A) -1 +\)
=p*-N@*+c?), as a-c*=b’.

b -A(a® +c?)
2CA

Xo =

b?-A@*+c®)  b°A-2c’-b?
2CA - 2c

Hence x;=-Ac—c-A[1

The equation of tangent atA is

2 bZX1 b2X12
Y= Ty Xox) = ey X ey
b?x, b?
So y= -~ X+ : 4
YT @y Ty @
. . _ b?X, b?
Similarly, the equation of tangentaB is y= ———5 X+ . (5
ay, Y,
az(y1_y2)
By (4) and (5), we havex= ——— 6
y (4) and (5) oy =Xy, (6)
a2
Combining (1) and (6), we can gek = —T :
a.2
Combining x= o and (4), we have

_ b?(c+ X)) _ b’c +b*x,

9% Y,
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a’® b’c +b?x,
Thus M= (- :
C cy,
— a’® b’c + b’ b? b’c + b’
FM :(——+c,—xl):(— , Xl)’
C Cy]_ C Cyl

AB = (=X ,Y2—Y1) = (e tAC+C+AXa, Y2 +AYs) = (1 +A) (e +C, V) .

= —— b? b%y,
Then FM[AB = _T(l +A)(X +cC) + o (1 +A)(c+x)
1
b2 2
= T LN+ o) = (L +A)(C+x)

2 2

- o (L+AN)Ax+tACc+Cc+X) = ~ o

(Xp+AXo+C+CA).

By (1), we know x; +AX +c+cA=0. So FM[AB =0.

Therefore, FM OO AB andTHEOREM1 is proved.

THEOREM 2 Let a focus of a hyperbola bé& and two points on the
hyperbola be A and B such that A, B and F are collinear. Two
tangents of the hyperbola passing through and B are drawn. If the
point of intersection of the two tangents i1, then FM [JAB.

The proof ofTHEOREM 2 is similar to that ofHEOREM 1. So it is omitted.

THEOREM 3 Let the focus of a parabola b& and two points on the
parabola be A and B such that A, B and F are collinear. Two
tangents of the parabola passing through and B are drawn. If the
point of intersection of the two tangents i1, then FM [JAB.

PROOF Let the equation of the parabola be’ = 2py .

2

2p

Then we have y = , focus F (O, %) and y'=

X
b
We put A(X1,v1), B(x,¥,). Let ka and ks be the slopes of the

X
tangents at A and B respectively. Thenk, = % , kg= Tz :
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The equation of tangentatA is y-y; = % (X—X%1) = XS X = X|1o
X" X
Since y; = p YT XV (7)
X
Similarly, the equation of tangentaB is y= sz -Ys. (8)

+ X X
By(7)and(8),wehaveM=(X12 2, lepz

).

Since A, B and F are collinear, there is a positive real numbgr
such that AF =AFB .

As AF = (—Xq , %—yl) and FB =(x2,y2—%), we have

p p
X =M and -y =My, )

2
_ _ b PA
So Xl—_)\Xz and V1= + _)\yz.
2 2
2 2 2, 2 2
Then X _ P, PA PN ELY . AN _p + PA _ AX
2p 2 2 2p 2p 2 2 2p

Thus x, = i% . Taking x,= % . we have x1=—p«/X.

_ _ P-PpA _P-pPA _ P
Hence xixo=-p°, X +X = «/X and M= ( 2«/X I ).
P-pA P+ pA

Since FM = ( o P AB = 0o =X, Yoy = (T

pA-N) —— . p’A-N)  p*@-»)
N ), and hence FM [AB = ) )

=0.

So FM O AB . Similarly, we also haveFM 0O AB if y? = 2px .
ThereforeTHEOREM 3 is proved.
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CombiningTHEOREM 1, THEOREM 2 andTHEOREMK 3, we can get:

THEOREM4 Let a focus of a conic section b& and two points on the conic
section be A and B such that A, B and F are collinear. Two
tangents of the conic section passing through and B are drawn. If the
point of intersection of the two tangents isM , then FM [ AB .
Furthermore, M is a point on the directrix of the conic sectamresponding
to the focus F.

Email: zhangyunyuan@mail.china.com

Editor’s Note

Zhang Yun has stated and proved a very beautiful property in conic section which is not often
mentioned in usual textbooks. One of our reviewers has found a shorter way to prove this
property and it is given as follows:

2 2

Let A(x2,¥2) and B(xs,ys) be two points lying on the eIIipse%+ [)3/2 =1 and

M(x1,Yy1) be the intersection of the tangents & and B.
XX Yo _
a22 + b22 —
X;>2<z + yt13¥2 -1

In other words, A(x.,y,) satisfies the equation

Since the equation of the tangent # is

1 and this tangent passes

through M(x1,y1), we have

By similar argument, B(xs,ys3) also satisfies the equation&z+ 3(){1 =1 .
a

As X)Zl + ygl =
a b

Let F(c,0) be afocus ofthe ellipse. (Then®=a”-b?.)

CXy

a2

is linear, it must be the equation ofB .

2

If AB passesthroughF, we have =1 = x =

c
Hence, M lies on a directirx of the ellipse.
_ o b*x PP .
Slope of AB= ———=- , from the equation of AB .
ay, Cy,

Slopeof FM= — 1= N = N N o9 22 2
x-¢ &£-c a*-c® b

slope of AB x slope of MF =-1,
t FM O AB
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