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Several Proofs of Ceva’'s Theorem by Students

POON Wai Hoi Bobby
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Introduction

In this article, some proofs of Ceva’s Theorem tmdents are presented.
The proofs were taken from the homework given dtudents in a Geometry
workshop held in the summer 2007.

Ceva's Theorem. Let P, Q and R be points on the sideBC, CA
and AB of triangle ABC respectively. If AP, BQ and CR are
AR IjBP DCQ _1

RB PC QA

concurrent, then

B P C
Figure 1

The proofs of Ceva’s Theorem that appeared in rolassical geometry
books are similar to the proof below, which invalvatios of areas of triangles.

The Usual Proof of Ceva’s Theorem
Let S be the point of concurrency (figure 1). For siip), let [XYZ]

denote the area of any trianglXYZ . Since the areas of triangles with same

height tional to b h R _1ARS] _ [ARC]
eight are proportional to bases, we havesz"= [RBS] _ [RBC]

AR _ [ARC]-[ARS] _ [ASC]
RB [RBC]-[RBS] [CSB]

By property of proportions,
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BP _ [BA cQ _ [CSB]
pC  [AxC] 2™ oA T [B:A

Similarly,

So AR DBP DCQ _ [AXC] D[BSA] D[CSB] _1

' RB PC QA [CSB] [AC] [BsA]
Six Different Proofs of Ceva’s Theorem by the Stude
Proof 1. (by Monzon Abel, Chan Chi Fai, Chan Ka Lun, CA&mg Yan
Joyce, Hui Chiu Kit, Hui Man Wa, Wendy Chow, Kan Ke, Lam Ching Yan,
Lam Hiu Yue, Leung Ka Hei, Lo Ching Hoi, Mok TungHKNing Man Chit, So
Tsz Chung, Tan Pak Chiu, Nicole Tin, Tsang Ting Mé@ng Cheuk Kwan,
Wong Ching, Wong See Wali, Yu Lik Hang and Anglea)Wu

Y A X

Figure 2

Let X and Y be points on BQ produced and CR produced
respectively such thatXAY is a straight line parallel toBC (figure 2).

As AARY~ABRC and AAQX~ACQB, we have
AR YA CQ _ BC
—=—— and =
RB BC QA AX

As AASX~APSB and AASY~APSC, we have

BP PS _PC Do BP_AX
AX  SA  ya 0 andso ot Tra

AR |jBP |jCQ _ YA DAX DBC _1
RBE PC QA BC YA AX

Hence
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Proof 2. (by Kwan Chin Wai, Tai Wai Ming)
A
S

Figure 3

Let X and Y be points on BQ produced and CR produced
respectively such thatBY and CX are both parallel to PA (figure 3).

As AARS~ABRY and AAQS~ACQX, we have

AR _ SA CQ _ CX
—=—— and -
RB  BY QA SA

BP _ BS _ BY

As AP//XC and ABYS~AXCS, we have PC - X X

AR |]BP |jCQ _ A |]BY |]CX _

Hence "o “PC QA  BY CX SA

Proof 3. (by Kan Ka Wing)

Figure 4
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Let X and Y be points on the lineBC such that AX//BQ and
AY /IRC (figure 4).

As ACQB~ACAX and ABRC ~ABAY, we have

CQ _ BC AR _ CY
= and ——=—< .
QA  BX RB BC

As ABPS~AXPA and APSC ~APAY, we have

BP PS PC e BP_XB
XB SA cy @ NSO b Ty

AR _BP CQ _CY _BX BC _,

Hence "ms “PC QA BC CY BX

Proof 4. (by Wong Wai Lung)

B X P Y C
Figure 5
Let X and Y be points on BC such that XR and YQ are

both parallel to PA . Let | be the point of intersection ofBQ and
XR, and J be the point of intersection ofCR and YQ (figure 5).

By the int t th h AR - PX d £ LY
Yy tne intercep eorem, we aveﬁ XB an QA YP

PB B AS
As XR//PA and ABIR~ABSA, we have = =

XB 1B RI

Cy _C _QJ
As YQ//PA and ACIQ~ACHA, we have = =

CP CS AS
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Hence AR |jBP CQ _ PX |jBP |jCY _ BP |jCY |jPX
RB PC QA XB PC YP XB PC YP

= AS I GRS QI RS
RIOAS S§ R S

The last equality follows asARIS- AJQS.

Proof 5. (by Hui Shun On)

Figure 6

Let X Dbe the point on AB such that PX is parallelto CR. Let
Y bethe pointon AC suchthat PY is parallelto BQ (figure 6).

By the intercept theorem, we have
AR _AS _ AQ RX PC CQ _ BC

RX 9 ov ' Rrs Bc 2 o mp

Hence

AR _BP _CQ ( AR _RX jDBP YQ DCQ]
RB PC QA RX RB QA YQ
__AQ _PC _BP YQ BC _
QY “Bc “pC QA “Bp "

Proof 6. (by Leung Yeung Yeung)
Let X and Y be points on AP produced such thatBX is
parallelto RC and CY is parallelto QB (figure 7).

By the intercept theorem, we have
AR _ AS CQ

AR_AS L CQ_ S
RBE sx 2 oA T As
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A
Q
R
S
B B C
X
Y
Figure 7
As ABPS~ACPY and ABSX~ACYS, we have
BP _ B _ X
PC CY )4
Hence AR DBP IjCQ _ AS DSX IjSY _1
RB PC QA X SY AS
Remarks

The “Usual Proof” is adopted fror@eometry Revisited by Coxeter and
Greitzer (1967). Some of the students’ proofs ap@#so in some geometry
textbooks. For example, proofs similar to “Prodfahd “Proof 2” are also

presented in Posamentier’s boadtvanced Euclidean Geometry (2002).

One common point of all the proofs by the studénthie use of auxiliary
parallel lines on the triangle to relate ratios sgigments to other ratios of
segments. During the workshop, | encouraged thdests to first assume
some numerical values on the ratioBR : RB and CQ : QA and try to

calculate the remaining ratioBP : PC with the help of adding auxiliary
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parallel lines. By this concrete computation, stud were able to understand
the relationships between ratios of the line sedgsmem the triangle. The
proofs then should be followed by generalizingR : RB and CQ: QA to

any arbitrary ratios.

The aim of this homework was to encourage studgudsticipation in
proving geometric theorems rather than memorizirapfs. | hoped that the
students could develop some generic problem sobhilts for future geometric

problems.
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