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Several approaches to a problem

Cyril S.H. Chan

Find the maximum and minimum values of z=x+y subjectto Xx*+y*
=r where x and vy arereal.

It seems that this question can only be solved by Calculus. In fact, a high
school student can tackle it. Usually, students would like to use Calculus to
deal with problems involving finding maximum and minimum values. As a
matter of fact, some sort of those problems can be solved by other methods such
as the completing square method. The aim of this article is to illustrate other
methods to deal with this type of question. Of course, this question is
deliberately designed so that employing calculus is dispensable.

When r=0, x=y=0. Thus z=0 only.

When r < 0, it is impossible to find real values of x and .
Hence, neither maximum value nor minimum value exists.

When r >0, thisquestion can be solved by the following methods:

Method 1 (Algebraic Method — using quadratic theory)
This problem can be solved by using the properties of roots and
coefficients of a quadratic equation.

From z=x+y, wehave r=x*+y*=(Xx+Yy)*—2xy=2"—2xy.
: 1,
After transposing, we have Xxy = Y (zZ —r) . Now, we can form a
quadratic equationin q whoserootsare x and Vy:

1
9" -z2q+ 7(22—r):0

As this quadratic equation has real roots, its discriminant should be
non-negative.
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1
i.e. discriminant= z°—4x1 x (7(22 —N)=2-2*-nN=2r-7>0

Hence, therange of z is —~/2r <z<+/2r .
Maximum value of z is «/E and minimum value is —«/E.

“x+y=z and x*+y*=r" leads me to think about the sum of roots
and the product of roots. | have used this question in some of my capable
classes of S4 and S6 as a challenging question. In my S4 science classes, this
guestion was given to them after teaching quadratic equation and quadratic
inequality. At the beginning, none of them could bring out any idea. Before
the end of the lesson, | told them to find xy intermsof z and r. Next
lesson, I noticed that some could form a quadratic equation whose roots are X
and y but they did not proceed further. Maybe they did not realize the fact
that the roots are real and thus, they could not think of using the discriminant.
Another reason may be the expression involves a lot of “letters” which form a
barrier and they could not go further then. At last, a few students could work
out the problems. But in my S6 class, a few could work it out right away after
telling them to express xy intermsof z and r.

Method 2 (Graphical Method)

The idea of this method comes from solving simple linear programming in
two unknowns by graphical method (that is, by moving a straight line across the
feasible region).

That is, the objective functionis z=x+y and the constraintis x* + y?
=r where x,ye R and r>0. Thefeasible “region” is the boundary of
the circle x*+y*=r,where r>0. Wedrawaline x+y=c where ¢
Is a constant. Then we move the line x +y =c across the circle in such a
way that x+y=c isparallelto x+y=0. The first point at which the
line x+y=c entersthe “region” is B while the last point at which the
line x+y=c leaves the “region” is A . (Note: We usually tell students
the optimum solution can always be identified with one of the feasible corner
points of the solution space. Now, we can treat the circle as a “polygon” with
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infinitely many sides.) Intuitively, it is not difficult to notice that the
x-coordinate and the y-coordinate of A are the same. By simple calculation

Jar Jer
(refer to the appendix), the coordinates of A are (T’T)' Similarly
~Jar —+or

) .

(refer to the appendix), the coordinates of B are ( 5 >

Jar or
Hence the maximum value of z = T+T = «/E and the minimum
~Jor  —\or
value of z= + = —«/E .
2 2
Ya
A
> X
x+y=ﬁr
B
X+y=—y2r X+y=0
Figure 1

Method 3 (Trigonometric method)
As x*+y*=r where r>0 representsan equation of circle, we have
the corresponding parametric form x = Jrcos 9, y= Jrsin®. Then, z

=X+y= «/F(cose+sin9)= «/Esin(e+%). As —135in(9+%)£1

forallreal 0, —x/E <z< «/E. Hence, the results follow.

Reflection

1. | think that this question is suitable for any senior form students as a
pastime problem. It is noticed that the knowledge needed to solve this
problem does not go beyond the scope of S5 Mathematics or Additional
Mathematics Curriculum.

14



EduMath 22 (6/2006)

2. | like to use it especially in lessons just before S5 students taking mock
examination. Since it can involve a lot of topics, for instance, quadratic
equation, quadratic inequality, linear programming, distance between a
point and a straight line, equation of circle and subsidiary angles, it
facilitates me to help students do revision during that period.

3. Teachers usually give their students homework that are related to the
lessons just taught and students are expected to finish it in a few days.
Teachers are also expected to mark them and give them back to students
within a few days. Then, a new homework is assigned to students. The
process goes on till the end of the academic year. Maybe such routine
practice leads to cultivating a lot of students using a particular method for
certain stereotyped problems. Thus, they seem to “resist” searching other
methods. For example, “Prove that 6" — 1 s divisible by 5 for all
positive integers n.” Itis found that most of students taking Additional
Mathematics would like to use mathematical induction to prove this
statement. In fact, this question can be solved by other methods. It is
not difficult to find that the last unit of 6" is always 6 and thus, the
unit digitof 6" -1 mustbe 5. Any integer with the unit digit being
5 must be divisible by 5. Moreover, this question does not confine us
to use any particular methods. It is unnecessary to invoke mathematical
induction to tackle this question.

Appendix
There are some methods to find the coordinatesof A and B.
Y From figure 2,
J2r
A(X ., Y) X = «/F cos 45° = - and
\/F X+y=c y= \/FSin45°:T .
\ 45°
> X

Figure 2
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y)\

22%\ From figure 3,

Jor
X x= /rcos225°= —— and

\4

y= Jrsin22se= —— |

Figure 3
V4 Alternatively, we have
0+0-c
- losod
Ax, )

Hence, c= i\/ﬁ.
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Figure 4

X+y=c
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