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Evaluating the probability integral f:e_z dx
by elementary methods

Or Chi-Ming
Munsang College

Introduction

Here | would like to mention some elementary methods of evaluating the
x? X2
= o —— T
probability integral IO e 2dx . Theresult IO e ? dX:,/7 is usually

obtained by advanced techniques and is therefore omitted to sixth formers. In
fact, with some plausible assumptions, it is possible to evaluate the probability
integral using elementary methods which can be understood by students

studying A-level Pure Mathematics. These methods deserve to be better

X2

o - / T
known, as the result jo e 2dx= 7 is fundamental in the normal
distribution of statistics, and is also a typical example of the surprising fact that

b
although some ordinary integrals Jaf(X)dX cannot be found, the improper
integral I: f(X)dX can nevertheless be evaluated. The methods are

modified as exercises here, since it would be more interesting for students to
derive the result themselves than being told by teachers directly.

2

.[Owe_2 dx and Iim«/ﬁjfcos” 0do

n—oo

The idea of Exercise 1 originated from [1] and [2]. Both authors of these

two articles pointed out that the integral jo e 2dx s closely related to
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Iim«/ﬁfjcos”@de . However, complicated integral transformations were

n—o

used. In fact, these transformations can be avoided. Using the fact that

XZ

00 -

X 2 \N
X X
e ? :I|m£1— J , the relation between _[o e 2 dx and

2

N> 2N

lim «/ﬁj; cos"0dO  becomes more apparent, as shown in Exercise 1.

nN—o0

Exercise 1
Let I,= j;cos” xdx .

n
(@) For any positive integer n>2, showthat I,= Tln_z.

(b) Using (a), or otherwise, show that, for any positive integer n>2,
Nl,l = (n — 1) R P

(c) Hence, or otherwise, show that, for any positive integer n,

T
nlnln_]_: 7 .

(d) Using (c), or otherwise, show that Lil[lo«/ﬁlna/% :

(e) For any positive integer n, using the substitution x= ~2nt , show

J2n x2 )" 1 i
that | (1—EJ dx=+2n| @-t*)"dt

J2n x2 )"
Hence show that IO (l_ﬁj dx=~v2nl,,,,

x2 )
By assuming that |lmj [1——J dx= I (Lm[l— o J ydx

show that J‘Owé? dx= ,/% .

Brief Solution:

The result in (a) can be obtained by integration by parts. Using (a), we

have nl, = (=211,
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= Nlylpy = (n—l)ln_lln_g
= Nlylpy = (n—l)ln_lln_g
= (n - 2) In—2 In—3
= 1-h _
- chito — 2

Since l,<l,;, wehave nl2<nl,l, = —

n T

Moreover, nl2>nlyl,= —((n+1)|n+1l )=,

T
——— < nl?2 < — and hence we have
n+1 2 n 2

lim/nl, 1/— by squeezing theorem. Finally,

Jan 2y
j ‘ 1- X dx
0 2n

Therefore we have

Jan[@-t)"dt by x= 2t

= «/%J‘fcosz”ﬂede ,by t=sin0

= \/2” |2n+1.
Taking limits, we have
. Ja2n X2 " . T
el (1‘ Zn]dx = MmN =y

.
- 2
= Je dX = \/g

M. Spivak in [3] suggested another way of connecting the probability

integral with «/EI;COS”GdG ,  Which avoids using the assumption
. e x2 )" o x2 Y _ _ .
lim | [1— - j dX:JO (!][[Do(l— o j )dX . His approach is modified

as Exercise 2 below.
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Exercise 2
1

1+ x?

(a) Show that, for all real number x, 1-x*<e™<

(b) Using (a), show that for any positive integer n,

1 2\n 1 —nx?2 @© dX
jo(l—x) dxsjoe o|x<jOm
Hence, or otherwise, show that
NI z ]
\/HIZ”“S_[O gV du<«/ﬁ|2n_2 where |, = .[o cos"0doO .

(c) Using the result gmﬁlnz /% and (b), find _[Owe_uzdu,

Brief Solution:

The result in (a) can be proved by differentiation easily. The first result in

(b) is obtained by raising the inequality in (a) to power n and integrate, and
1 d x J'OO dx

note that Iom< 0 1+ x%)"

Then apply the substitutions

x=sin®, u= /nx and x=tan o respectively to the three integrals to

obtain the second result in (b). Take n tends to infinity, we have

J:e_uz du= 775 by squeezing theorem.

Parametric Integration Technique

Another interesting method to evaluate the integral is the “parametric
integration technique”, which assumes that differentiation with respect to the
parameter t of an integral can be carried under the integral sign ([4], [5]), as

illustrated by Exercise 3.

Exercise 3
- e—t(x2+1)

Forany t>o0, define f(t)= jo ﬁdx,

(@) Find f(0).

58



(b) Show that

EduMath 16 (6/2003)

T
—t
O<f(t)<e 5

Hence, or otherwise, find f (o0) = !Lrgf(t) :

(©)

d e
Assuming - T() = JO dt[ﬁ

—t(x2+1)

]dx . show that

_ at [Tt
af(t)_ e joe dx .
Using the substitution u = Jtx . show that
d e_t © 2
Ef(t):_ﬁl where 1= Joe du .
(d) By integrating the last result in (c) and using the result in (b), show that
| = jwe“zdu:ﬁ _
0 2
Brief Solution:
o = [ = I
© =l 1+x2 2
- eftx2
= e’ dx
) 0 x*+1
e 1 I
e dx = -t —
: 0 x?+1 ¢
= f(o) = 0.
d d o eft(x +1)
— f(t = — dx
dt ® dt x* +1
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ooe_t
_ = -1 | =—dt
Hence, f (00) — f (0) IO N
ooe_t
- f0) = IIOWdt as f(e0)=0
= 2|jo°°e-td(ﬁ)
= 2l J.Oooeiuzdu ’by u= \/E
= 212
f (0) n
2 —_ — _
Hence [ = 5 = 4
i
= T2

The above exercises provide a good chance for students to learn an

amazing and important result in analysis. Teachers can obtain more examples

of evaluating other improper integrals in [4], [5] and [6], so that students can

appreciate more beautiful results in analysis, and have more interesting

exercises as well.
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