Exercise on Feuerbach Circle (2022.4.21)

Exercise on Feuerbach Circle (2022 version)

1.

Prove that the circumcentre of a right-angled triangle is the mid-point of its hypotenuse.

Let A, B’ and C’ bethemid-pointsof BC, CA and AB respectively
in AABC. D, E and F are the feet of the altitudes from 4, B and C
to BC, CA and AB respectively.

(a) Provethat /B’A’C’=/C’AB’.

(b) Provethat £ B’DC’=/B’AC’.

(c) Provethat 4°, B’, C’, D, E and F areconcyclic.

AABC is an acute-angled triangle. D, E and F arepointslyingon BC, CA
and AB respectively suchthat 4D, BE and CF are the altitudes of AABC.
H 1is the orthocentre of AABC . A4°, B’ and C’ are the mid-points of BC,
CA and AD respectively. Let ZABH=x.

(a) Provethat FBDH and BFEC are cyclic quadrilaterals.

(b) Express ZHDF and AZHDE intermsof x.

(c) Provethat A’ is the circumcentre of BFEC .

(d) Express ZEA’F intermsof x.

(¢) Provethat 4°, B’, C’, D, E and F areconcyclic.

In the figure, 4>, B> and C’ are the mid-points of BC, CA and 4B
respectively. D , E and F are points lying on BC , CA and 4B
respectively suchthat 4D, BE and CF are the altitudes of AABC. H isthe
orthocentre of A4ABC . J, K and L are the mid-points of AH , BH and
CH respectively.
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(a) Provethat B’C’KL and C’A’LJ arerectangles and, hence, prove that A’J,
B’K and C’L intersect at the same point.

(b) Provethat J, C’, D and A’ areconcyclic.

(c) Provethat 4, B, C’, D, E, F, J, K and L areconcyclic and
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the centre of the circle passing through these 9 points is the midpoint of C’L .

DEFINITION  The circumcircle of AA’B’C’ is defined as the nine-point circle (or the
Feuerbach Circle) of AABC where A, B’ and C’ are the mid-points of BC,
CA and AB respectively.

REMARKS: 1. The above questions tell us that the circumcircles of AA’B’C’, ADEF

and AJKL are actually the same circle.

2. The main objective of this exercise is to give two proofs to the fact that the

nine-point circle of a triangle is always tangent to its incircle.

5. AABC is an acute-angled triangle. O is the A
circumcentre of AABC . A’ is the mid-point !
of BC. AD and CF are the altitudes. H
is the orthocentre. G 1is the centroid. Let T
be a point on the circumcircle such that BP

forms a diameter of that circle.

(a) Provethat AHCT is a parallelogram.

Hence, prove that AH =2 OA’. BY¥—
(b) Provethat AAGH ~AA’GO. \
Hence, provethat O, G and H arecollinearand HG:GO=2:1.
(OGH s called the Euler line of AABC'.)
(c) Let J and N bethe midpointsof AH and OH respectively.
(1) Provethat JOA’H is a parallelogram.
(1)) Provethat N is the centre of the nine-point circle of AABC.
(ii1)) Provethat OG:GN:NH=2:1:3.
(iv) Prove that AHAO ~ AHJN .
Hence, prove that OA4 =2 NJ, 1i.e. the radius of the circumcircle of AA4ABC
is twice the radius of its nine-point circle.
(v) Provethat AOA’J is also a parallelogram.
(d) Let P be any point on the circumcircle ABC and (@ be the mid-point of

HP . Provethat ( lies on the nine-point circle.

6. AABC is an acute-angled triangle. H is the orthocentre of AABC.
(a) Locate the foot of the altitude from each of the vertices of AABH to its opposite
side and hence, locate the orthocentre of AABH .
(b) Locate the nine-point circle of AABH .
(c) Prove that the radius of the circumcircle of AABH 1is equal to the radius of the
circumcircle of AABC.
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7. In the figure, AABC is an acute-angled
triangle. O 1is the circumcentre. H is the
orthocentre. D, E and F are the feet of
the altitudes on BC , CA and AB
respectively . A4’ is the mid-point of 4B .
(a) Provethat ZBAC=/BOA’.

Hence, prove that ZOBC= /ZHBA .
(b) Provethat OB L FD.
(¢) Provethat £ZHAO=|/ZABC - ZACB|.
(d) Suppose W isapoint lying on the nine-point circle of AABC.
Express ZA’WD interms of ZABC and ZACB.
(e) If AD isproduced to meet the circumcircle at @, provethat HQ=2HD.

8. In the figure, AABC is an acute-angled

triangle. O is the circumcentre. H is the 4
orthocentre. D is the feet of the altitude on
BC . P is a point on the circumcircle of
AABC suchthat AP passing through O. H

(a) Provethat ZOAC= /ZHAB.

B
(b) IA bisects LHAO where [ is the U

incentre of AABC.

9. (a) Inthefigure, H isapointlying on
AB . BR is a line passing through
B parallel to PH intersecting
AP produced at R.
(i) Provethat ABPR isisosceles

0
C
P
R
P
K
B

and LA AH e py
PB BH 4
is the angle bisector of ZAPB. H

(i1)) Provethat PH is the angle bisector of £APB if PA:PB=AH:BH.

(b) Inthe same figure, K isapointon AB produced.

(i) Prove that ﬁ; = ;IIE if PK is the angle bisector of ZBPR .

(i1)) Provethat PK is the angle bisector of ZBPR if PA:PB=AK:BK.

(c) A and B are two fixed points and let % be a fixed positive real number not

equalto 1. P isa variable point such that % =

Describe the locus of P . Also describe what would happen if k& equals 1.
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10. Let O, G, H and [ be the circumcentre, centroid, orthocentre and incentre of
AABC respectively.
(a) Provethat O, G, H and [ arecollinearif AABC is isosceles.
(b)* Prove that AABC isisoscelesif O, G, H and [ are collinear.

11. (a) In the figure, A, B, C and D are B
concyclic points. P is an external point Y
outside the circle such that P4B  and 0
PDC  are straight lines. @ is the
intersection point of AC and BD. P DN—_“"C

(i) Provethat APAC~APDB and PA-PB=PC-PD.
(i) Prove that AQAB~AQDC and QA-QC=QB-0D.

(b) Conversely,if PAB and PDC form two straight lines such that
PA-PB=PC-PD, provethat 4, B, C and D are concyclic points.

12. (a) In the figure, PC is tangent to the circle ABC B
at C. Provethat PC?=P4-PB.
(b) Conversely, if PAB forms a straight line and C A
is another point such that PC?=P4-PB, prove that
PC s tangent to the circle 4ABC at C. P

13. In the figure, it shows a circle passing through 4, B
and C. [ istheincentreof AABC and Al is
produced to meet the circleat P .

(a) Provethat PB=PI=PC.
(b) Suppose O is the centre of the circle in the
figure. What is the relation between OP and

BC ? What conclusion can you draw from this

observation? Explain your answer.

14. In the figure, SP is the diameter of the
circumcircle of AABC such that SP L BC .
Y is a point on AC such that [Y 1L AC
where [ is the incentre of AABC.
(a) Provethat AIAY ~A PSC.
(b) Deduce that Al - IP = 2Rr where R

and r are the radii of the circumcircle and

incircle respectively.
(c) Let O be the circumcentre of AABC .
Prove that 10%=R*—-2Rr.

Feuerbach Circle page 4



Exercise on Feuerbach Circle (2022.4.21)

15. In the figure, SP is the diameter of the S

circumcircle of AABC such that SP L BC .

T isapointon SP suchthat AT//BC. T 4
D is apoint on BC such that AD is the

altitude from 4 to BC. U and V are

points on SP and AD respectively such U I 7
that UV'// BC and passing through [ where

I s the incentre of AABC. B \ J C

(a) Prove that ur _ ST
1P

AS
P
(b) Prove that oA .
Al SP

(c¢) Using (a), (b) and a result from the previous question,
prove that UIl-IV=r-ST where r is the radius of the incircle.

16. In the figure, SP is the diameter of the S

circumcircle of AABC such that SP L BC .
T isapointon SP suchthat AT//BC. T
D is a point on BC such that 4D is the
altitude from A4 to BC . AD is produced
to meet the circumcircleat Q. O, H and 0
I are the circumcentre, orthocentre and incentre

B v

%&
=
@

of AABC respectively,. A, M and N
are the midpoints of BC, AQ and OH
respectively. W and X are points on BC P

suchthat NW L BC and IXL1 BC. The

radii of the circumcircle and incircle of AABC are denoteby R and r respectively.
(a) Using the factthat NW =12 (0A’ + HD), provethat NW ="' AM .

(b) Provethat A°X-XD=AW?—-WX? and, hence, WX2?=Y% OM?*—r-ST.

(c) Using the fact that IN?=(IX—-NW)*+ WX?, provethat IN="%R-r.

What relation between the nine-point circle and the incircle of AABC can be

deduced from the above result? Explain your answer.

17. The figure shows a circle inscribed inside AABC . A
If the circle touches BC at X and A’ isthe
mid-point of BC, prove that
AX=Y%|AB—-AC|.

=
S
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18. The figure shows a circle inscribed inside
AABC . The circle touches BC at X
and A4’ is the mid-point of BC. P and
D are points on BC such that AP
bisects ZBAC and AD is the altitude
from A4 to BC respectively. S is a
pointon AB suchthat PS is also tangent
to the incircle. M is the intersection point of
AP and SC. Prove that

(a) AS=AC, B C
(b) A°’M// BA,
(c) A’M="%(AB—-AC),
(d 4, M, D and C areconcyclic,
(e) LA’MP=AZMDP and
() AX*=4P-A°D.
19. The figure shows a circle inscribed inside
AABC . The circle touches BC at X
and A4’ is the mid-point of BC. P and
D are points on BC such that AP
bisects ZBAC and AD is the altitude
from A to BC respectively. S is a
pointon AB suchthat PS is also tangent
to the incircle. Let PS touch the incircle at
X’. A’X’ isproduced to meet the
B C

incircle again V.
(a) Provethat ¥V, X’, P and D are concyclic.
(b) Using the factthat ZX’VD=/X’PA’, express L A’VD intermsof <ZABC
and ZACB.
Hence, prove that 7 lies on the nine-point circle of AA4ABC .
(c) Let UV be aline tangent to the incircle at V' as shown in the figure.
Using the fact that ZUVX’ = ZSX’V, prove that UV is also tangent to the
nine-point circle of A4ABC at V.
What relation between the nine-point circle and the incircle of AABC can be

deduced from the above result? Explain your answer.

HINT to Question 10(b): It suffices to show the straight line OIH must pass through one of the vertices of
the given triangle. If not, it is possible to prove that the three vertices of the given triangle are concyclic with 7
but this result is absurd.
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1. Let O be thecircumcentre of AABC suchthat ZABC=90°.
Then ZAOC = 2x90° (£ at centre twice £ at ©)
= 180°
Hence, AOC forms a straight line and it is the same as the hypotenuse AC.
04 = 0OC,
the circumcentre O is the mid-point of the hypotenuse AC .
2. (a) A’C’//AC and A’B’// AB, (mid-point theorem)
A’B’AC”’ 1is a parallelogram.
Hence, LBAC’ = LC°ABR (opp. Zs of //gram)
(b) B’ is the mid-point of AC, which is the hypotenuse of AADC,
L AB> = DB’ (result in Q1)
Similarly, AC’ = DC’.
AD = AD (common)
AAC’B> = ADC’B’ (S.S.S))
Hence, ZB'DC’ = /B’AC’ (corr. Zs of cong. As)
(c) Now, ZB’AC’ = ZB'DC’.
B, D, A and C’ areconcyclic. (converse of Zs in the same seg.)
Similarly, wecanprove 4’, F, C’ and B’ areconcyclicand C’,
E, B and A’ areconcyclic.
Asaconclusion, 4, B, C’, D, E and F are concyclic.
3. (a) /BFH+ Z/BDH = 180°
FBDH is a cyclic quadrilateral.
/BFC=90° = ZBEC,
BFEC 1is a cyclic quadrilateral.
(b) ZHDF = x (s in the same segment)
Similarly, ECDH is also a cyclic quadrilateral.
/HDE = /HCE (s in the same segment)
= ZHDB (s in the same segment)
= X
(c) Bytheresultin Q.1, A’ is the circumcentre of BFEC.
(d) ZEAF = 2x (£ at centre twice £ at ©)
(e) = ZEDF (results in (b))
E, D, A and F areconcyclic. (converse of s in the same seg.)
Similarly, 4’, B, C’, D, E and F are concyclic.

Feuerbach Circle

page 7



Exercise on Feuerbach Circle (2022.4.21)

4. (a) C’K//AH and B’L//AH (mid-point theorem)
Hence, C’K /I B’L.
Similarly, C’B> /I BC /I KL.
B’C’KL 1is aparallelogram. (definition)
Note that 4H 1 BC. Hence, B’C’ LC’K.
B’C’KL 1is arectangle. (definition)

Similarly, C’A’LJ 1is arectangle, too.

C’L intersects B’K atthe mid-pointof C’L. (property of rectangle)
Similarly, C’L intersects A’J intersect at the mid-pointof C’L.
Therefore, A4’J, B’K and C’L intersect at the same point.

(b) - JC’A = 90° (definition of rectangle)
= JDA’ (definition of altitude)
J, C’, D and A’ areconcyclic. (converse of s in the same seg.)

(c) Let N bethemid-pointof C’L.
From (a), we know that NA’=NB’=NC’=NJ=NK=NL . (prop.ofrectangle)
Hence, 4, B, C’, J, K and L are concyclic.
From (b), we also know that D, E and F also lie on the same circle with

N as the centre.

5. (a) As BT isadiameter, £BCT=4ZBAT=90° (£ in semi-circle).
Hence, AD//TC and AT// FC (corr. Zs equal),
ie. AHCT isaparallelogramand AH=TC.
A’ is the mid-point of BC,
OA’ :AH=04":TC=BA’:BC=1:2, ie. AH=204".

(b) AG:AH = 1:2 (property of centroid)
204°G = ZHAG (alt. Zs, 04’ // AD)
S AOA’G ~ AHAG (ratio of 2 sides, inclined /)
Hence ZAGO = LAGH (corr. Zs of similar As)
ie. O, G and H are collinear (converse of vert. opp. £s).

HG:GO=1:2 whichisaconsequence of AOA’G ~AHAG .

(c) (1) - AH = 2JH,
o JH = 04 and JH// OA’.
Hence, JOA’H is a parallelogram. (opp. sides equal and //)
(i) - N isthe mid-pointof OH,
it is also the mid-point of A’J. (diags. of //gram)

By the result in 4(c), N is the centre of the nine-point circle.
(i) - OG:0OH = 1:2=2:4 and ON:NH=1:1=3:3,
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OG:GN:NH = 2:1:3.
H, H. 1
@iv) - No_ L and ZOHA = ZNHJ
HO HA 2
AHAO ~ AHJN (ratio of 2 sides, inclined £)
Hence, OA = 2NJ (corr. sides of similar As)
(v) - AJ = 04> and AJ// 04,
AOA’J 1is a parallelogram. (opp. sides equal and //)
(d) Consider APOH and AQNH.
PH:QH = 2:1 (by definition)
OH:NH = 2:1 (by definition)
/PHO = ZQHN (common)
APOH ~ AQNH (ratio of 2 sides, inclined £)
1
Hence, NQ = > OP (corr. sides of similar As)

Note that OP is the radius of the circumcircle, NQ equals the radius of the
nine-point circle, by (c)(iv),and N is the centre of the nine-point circle, by (¢)(ii).

Q is apoint on the nine-point circle.

6. (a) The feet of the altitudes from A4, B and H to their opposite sidesin AABH
are E, D and F respectively. The orthocentreis C.

(b) Since the nine-point circle is the circle passing through the feet of altitudes, the nine-
point circle of AABH is the same as that of AABC.

(c) Since the two triangles share the same nine-point circle and the radius of the nine-
point circle is half of that of the circumcircle (result in 5(c)(iv)), the radius of the

circumcircle of AABH is equal to that of the circumcircle of AABC .

7. (a) /ZBAC = 2 ZBOC (£ at centre twice £ at ©)

= /ZBOA’ (prop. of isosceles A)

Hence, Z0BC = 90° - ZBOA’ (£ sum of A)
= 90° - ZBAC (proved)
= /HBA (£ sum of A)

(b) - B, D, H and F are concyclic, (opp. angles supp.)
/FDB = /FHB (s in the same segment)

= 90° - LZHBA (£ sum of A)

= 90° - ZOBC (result in (a))

Let FD intersect OB at X.

Then /ZBXD = 180°—- ZLOBC — ZFDB (4 sum of A)
= 90°
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(c)

(d)

(e)

(a)

(b)

(a)

Exercise on Feuerbach Circle (2022.4.21)

OB 1 FD.
/ZHAO = ZDAC - Z0OAC

= /DAC— ZDAB (resultin (a))

= (90° — ZACB) — (90° — ZABC)

= /ABC - ZACB
As it is possible that ZABC < ZACB, an absolute sign is needed in the above
result. i.e. ZHAO = | ZABC - ZACB |
First, assume W is lying on the same side of A with respectto BC.

By the result in 5(c)(v), AOA’J is aparallelogram. JA4’// AO .
: LAWD = ZAJD (s in the same segment)
= ZDAO (corr. £s, JA’ I/ AO)
= | LABC — ZACB| (resultin (c))
If W islying on the opposite side of A4, we have
LZAWD = 180° —| LABC — ZACB|.

/ZHBD = 90° - ZACB (£ sum of A)
= 90° - ZAQOB (s in the same segment)
= ZQOBD (£ sum of A)
BD = BD (common)
/BDH = /BDQ (adj. Zs on st. line)
L ABHD = ABQD (A.S.A)
Hence, HD = 0D (corr. sides of cong. As)
i.e. HQ = 2HD.
(This is the same as the result in Question 7(a).)

LAPC = ZABC (Zs in same segment)
ZACP = 90° (definition of altitude)

= /ADB (£ in semi-circle)
Z0AC = ZHAB (£ sum of A)

By definition, 14 bisects ZBAC.
Since ZLOAC=/HAB, [ alsobisects ZHAO.

(i) /PBR = /BPH (alt. Zs, PH // BR)
= ZAPH (given)
= /PRB (corr. Zs, PH// BR)
PB = PR (sides opp. equal Zs)
PA PA AH

2 = 2 = 7 (intercept theorem)
PB PR BH
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. PA AH ) PA AH .
(i) - B BH (given) and R BH (intercept theorem),
L PR = PB.
Hence, ZAPH = /PRB (corr. Zs, PH// BR)
= Z/PBR (base Zs of isos. A)
= /BPH (alt. Zs, PH // BR)

PH bisects ZAPB.

(b) (i) Let QO beapointon AP suchthat QB// PK.

/PBQ = ZBPK (alt. Zs, OB // PK)
= ZRPK (given)
= ZPQOB (corr. Zs, OB // PK)
PB = PQ (sides opp. equal Zs)
P4 _ pa - AR (intercept theorem)
PB PO BK
(1) - P4 _ AR (given) and A _ AR (intercept theorem),
PB BK PO BK
o PO = PB.
Hence, /BPK = /PBQ (corr. Zs, PH// BR)
= /PQB (base Zs of isos. A)
= /RPK (alt. Zs, PH// BR)

PK Dbisects /BPR.
(c) If k=1, K iswell-defined. By definition, ZHPK =90°.

the locus of P isacircleusing HK as its diameter.
If k=1, K doesnotexist. PH will be the perpendicular bisector of AB .

10. (a) Assume AB=AC if AABC isisosceles.
Let D bethe mid-pointof BC. Thenitis easy to provethat 4D 1 BC and
AD bisects ZBAC. Therefore, AD isthe perpendicular bisector, the median,
the altitude and the angle bisector of the triangle.
Hence, O, G, H and [ arelyingon AD. They are collinear.

(b) As O, G and H must always be collinear, it is sufficient to explain why
AABC isisoscelesif O, [ and H are collinear.
It is also easy to show AABC to be isosceles if the straight line OIH passes
through one of the vertices of the triangle. Therefore, it is sufficient to prove that
the straight line OIH must pass through one of the vertices of AABC if O,
I and H are collinear.
Here, we assume that the straight line OIH does not pass through any vertices of
AABC. As O, I, H and A4 do notform a straight line, by the result in

Feuerbach Circle page 11



11. (a)
(b)
12. (a)
(b)

8(b), 14 must bisect

By the same argument, we have

ZHAO .

Exercise on Feuerbach Circle (2022.4.21)

Then by the result in 9(a), Al IH
AO 10
IH ,
= . By theresult in 9(c),
0 y ()

we can concludethat 4, B, C and [ areconcyclic.

However, the above result is absurd as the incentre of a triangle cannot lie on its

circumcircle.

passing through any vertices of AABC'.

(1)

Hence,
1.€.

(i)

Hence,

1.€.

Since

Hence, A4,

Hence,

1.€.

Feuerbach Circle

Therefore, it is impossible to have the straight line

ZPCA
ZAPC
ZPAC

APAC
RS
PD
PA - PB

Z0AB
ZAQB
Z0BA
AQAB

04
0B
04-0C
PA - PB
PA
PD
ZAPC
APAC

ZPCA

B, C and

ZPCA
ZAPC
ZPAC

APAC
PC

PB
PC?

PC?

ZPBD
ZDPB
ZPDB

APDB
PC
PB

PC-PD.

£0DC
/DQOC
Z0CD
AODC
OD

oC

OB - OD.

PC-PD
PC
PB
/DPB
APDB

ZPBD

D are concyclic.

ZPBC
ZCPB
ZPCB

APCB
PA

PC
PA-PB.
PA - PB

OIH not

(s in the same segment)
(common)

(£ sum of A)

(A.AA)

(corr. sides of similar As)

(s in the same segment)
(vert. opp. £s)

(s in the same segment)
(A.AA)

(corr. sides of similar As)

(given)

(common),
(ratio of 2 sides, inclined )
(corr. Zs of similar As)

(converse of s in the same seg.)

(s in alt. segment)
(common)

(£ sum of A)
(A.AA)

(corr. sides of similar As)

(given)
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PC P4
'PB PC
Since ZAPC = ZCPB (common),
APAC ~ APCB (ratio of 2 sides, inclined )
ZPCA = ZPBC (corr. Zs of similar As)

Hence, PC istangenttothecircle ABC at C. (converseof Zsin alt. segment)

13. (@) Let ZA=2a and Z£B=2b.
Then ZIBP=a-+b (Lsinsameseg.) while ZBIP=a+b (ext. LofA).
Therefore PB =PI (sides opp. equal £s). Similarly, PI=PC.

(b) Note that OB =0OC (radius) and PB=PC (proved). Hence, OBPC is
akiteand OP is the perpendicular bisector of BC.
Therefore, the angle bisector of an interior angle of a triangle intersects the

perpendicular bisector of its opposite side at a point on the circumcircle.

14. (a) LIAY = ZPSC (s in the same segment)
ZIYA =90° = LZPCS (£ in semi-circle)
LAY = ZSPC (£ sum of A)
AIAY ~ APSC (AAA)
(b) Hence, 4 _ Y (corr. sides of similar As)
PS PC
Since PS = 2R, IY=r and PC=1IP,
14 r
we have —_— = —
2R IP
i.e. Al-IP = 2Rr.

(c) Produce [0 to meet the circumcircle ABC . Then this line segment will
become a diameter of the circle and it is cut by AP at [ into two parts with
lengths R+10 and R-10. By theresultin 11(a)(ii), we have

(R+1I0)x(R-10) = AI-IP = 2Rr.

ie. R*- 10> = 2Rr
or I0%? = R*>-2Rr.
15. (a) ZIPU = 90° - LTSA (£ sum of A) (£ in semi-circle)
= LSAT (£ sum of A)
ZIUP = 90° = £STA (given)
ZUIP = /LTSA (£ sum of A)
AUIP ~ ATSA (A.AA)
Hence, N/ E— (corr. sides of similar As)
IP AS

Feuerbach Circle page 13



Exercise on Feuerbach Circle (2022.4.21)

(b) LVAI = ZAPS (alt. Zs, SP // AD)
ZAVI=90° = LPAS (given)
LAV = ZPSA (£ sum of A)
AVIA ~ AASP (A AA)
Hence, EUSN—S (corr. sides of similar As)
Al SP
(C) Then ﬂ X i = ﬂ X ﬁ
IP Al AS SP
Ur-1v = APxAr ST
SP
= 2;: - ST (result in 14(b)) (definition)
= r-ST.

16. (a) *~ HD//NW//OA> and N isthe mid-pointof OH,
: NW = % (0A4” + HD)
= Y% (MD + DQ) (result in 7(e))

= Y AM .

(b) AX-XD = (4W+ WXYWD - WX)
= W+ WX W = WX)
= AW? - wx?

Therefore, WX? = A'W?-AX-XD

= (Y2 OM)*— UI - IV (notation as in Q.15)
= Y% OM?—-r-ST.

(c) IN? = (IX-NW)>+ WX? (Pythagoras Theorem)

= (r—Y AM)* + Y OM? —r - ST

= r2—r-AM+ Ve AM*+ Y OM? —r - ST

= 7> —r-R+Y%R?> (AM+ST=R,AM?*+ OM?=R?)

= (AR —r)?
S IN = BaR—-r.
Note that N is the centre of the nine-point circle of AABC. 2R equals the
radius of the nine-point circle. Therefore, “IN='"2R —r” means the distance
between the centre of the nine-point circle and that of the incircle is equal to the
difference between the radius of the nine-point circle and that of the incircle. In
other words, the nine-point circle always intersect the incircle at one and only one

point. That is, the nine-point circle of a triangle is always tangent to its incircle.

17. Letthecircletouch AC and AB at Y and Z respectively.
Assume AB>AC. Then A’ iscloserto B than X.
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A’X = BX-BA’
= BZ-CA’
= (AB-A472)- (CX+ A4’X)
= AB-AY-CX-A'X
= AB-(AC-CY)-CY-A'X
= AB-AC-A4’X
i.e. A’X = Y%(AB—-AC)
If AB<AC, then A’X = %(AC - AB)
If AB=AC, then AX =0
As a conclusion, A’X = %|AB—-AC|.
18. (a) AP passes through the centre of the incircle, i.e. AP bisects <ZBAC,
LSAP = ZCAP (definition)
AP = AP (common)
and ZSPA = ZCPA (tangent properties)
AAPS = AAPC (A.S.A)
Hence, AS = AC (corr. sides of cong. As)
(b) LSAM = ZCAM (given)
AM = AM (common)
AASM = AACM (S.A.S))
Hence, SM = CM (corr. sides of cong. As)
ie. M isthe mid-point of CS.
A’ is mid-point of CB, (given)
A’M /| BS (i.e. BA) (mid-point theorem)
(¢) and A’M = 2 BS (mid-point theorem)
= Y% (4B - AS)
= % (AB-A4C) (result in (a))
(d) - LAMC = ZAMS (corr. Zs of cong. As)
= 90° (adj. Zs on st. line)
and ZADC = 90° (given)
A, M, D and C are concyclic. (converse of s in the same seg.)
(e) LAMP = /BAP (corr. Zs, A’M // BA)
= LCAP (given)
= /MDP (ext. £ of cyclic quad.)
® LIMA’P = ZDA’M (common)
L APM = ZDMA’ (£ sum of A)
AA’MP ~ AA’DM (A.AA)

Feuerbach Circle
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Hence, A’M? = A’P-A’D
AX = %|AB-AC| (result in Q.17)
= A'M (result in (c))
AX? = A’P-AD.
19. (a) AX AV = AX? (result in 12(a))
= A’P-A’D (result in 18(f))
V, X, P and D are concyclic. (result in 11(b))
(b) Let W be apoint on the nine-point circle.
LAVD = ZX°VD (common)
= /X'PA’ (ext. £ of cyclic quad.)
= ZSPB (common)
= LASP—- ZABC  (ext. Lof A)
= LACB - ZABC  (corr. Zs of cong. As)
= LAWD (result in 7(d))
s A, V, W and D are concyclic. (converse of s in the same seg.)
As A’, W, D are points on the nine-point circle, 7 must also be a point

on the nine-point circle.

(©) Z0VX® = ZSX°V (base s of isos. A)
= ZLVDP (ext. £ of cyclic quad.)
= ZVDA’ (common)

UV 1is also tangent to the nine-point circle of A4ABC at V.
(converse of Z in alt. segment)

The above result shows the nine-point circle always touches the incircle at V.
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